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1. Introduction 



The pioneer work of Nash [11] first proved a theorem of equilibrium exis- 
tence for games where the player's payoffs are represented by continuous 
quasi-concave utilities. Arrow and Debreu used the work by Nash to prove 
the existence of equilibrium in a generalized N-person game or on abstract 
ff\ , economy [7] which implies the Wahasian equilibrium existence [2], These 

ideas were extended by various authors in several ways. In [16], Shafer and 
Sonnenschein proved the existence of equilibrium of an economy with fi- 
nite dimensional commodity space and irreflexive preferences represented 
as set valued maps with open graph. Yannelis and Prahbakar [22] devel- 
oped new techniques based on selection theorems and fixed-point theorems. 
Their main result concerns the existence of equilibrium when the constraint 
and preference set valued maps have open lower sections. They work within 
different frameworks (countable infinite number of agents, infinite dimen- 
sional strategy spaces). 

Borglin and Keiding [3] used new concepts of K.F.-set valued maps and 
KF-majorized set valued maps for their existence results . The concept of 
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KF-majorized set valued maps was extended by Yannelis and Prabhakar 
[22] to L-majorized set valued maps. In [23], Yuan proposed a more general 
model of abstract economy than the one introduced by Borglin and Keing 
in [3], in the sense that the constraint mapping was split into two parts A 
and B. This is due to the "small" constraint set valued map A which could 
not have enough fixed points even though the "big" constraint set valued 
map B could. 

Most existence theorems of equilibrium deal with preference set val- 
ued maps which have lower open sections or are majorized by set valued 
maps with lower open sections. In the last few years, some existence results 
were obtained for lower semicontinuous and upper scmicontinuous set val- 
ued maps. Some recent results concerning upper scmicontinuous set valued 
maps and fixed points can be found in [1], [4], [18], [19], [20], [24]. New 
results on equilibrium existence in games are given in [10], [12], [13], [17]. 

In this paper, we define two types of set valued maps: w-upper semicon- 
tinuous set valued maps and set valued maps that have e-USS-property. We 
prove a fixed point theorem for w-upper semicontinuous set valued maps. 
This result is a Wu like result [20] and generalizes the Himmclberg's fixed 
point theorem in [9]. We use this theorem for proving our first theorem of 
equilibrium existence for abstract economies having w-upper semicontinu- 
ous constraint and preference set valued maps. On the other hand, we use 
a technique of approximation to prove an equilibrium existence theorem for 
set valued maps having e-USS-property. 

The paper is organized in the following way: Section 2 contains prelimi- 
naries and notations. The fixed point theorem is presented in Section 3 and 
the equilibrium theorems are stated in Section 4. 

2. Preliminaries and Notation 

Throughout this paper, we shall use the following notations and definitions: 
Let A be a subset of a topological space X. 2 A denotes the family of all 
subsets of A. c\A denotes the closure of A in X. If A is a subset of a vector 
space, coA denotes the convex hull of A. If F, G : X =4 Y are set valued 
maps, then conv G, cl G, G fl F : X =4 Y are set valued maps defined by 
(conv G){x) =conv G(x), (cl G){x) =cl G(x) and (GDF)(x) = G(x)DF(x) 
for each x G X, respectively. The graph of T : X =4 Y is the set Gr 
(T) = {(x,y)€XxY\y_(=T(x)}. 

The set valued map T is defined by T(x) := {y G Y : (x,y) GclxxY Gr 
T} (the set clxxY Gr (T) is called the adherence of the graph of T). It is 
easy to see that cl T(x) C T(x) for each x E X. 

Let X, Y be topological spaces and T : X =4 Y be a set valued map. T 
is said to be upper semicontinuous if for each x G X and each open set V 
in Y with T(x) C V, there exists an open neighborhood U of x in X such 
that T(y) C V for each y G U . T is said to be almost upper semicontinuous 
if for each x £ X and each open set V in Y with T(x) c V, there exists an 
open neighborhood U of x in X such that T(y) Gel V for each y G U. 
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Lemma 2.1(Lcmma 3.2, pag. 94 in [25]) Let X be a topological space, Y be 
a topological linear space, and let S : X =4 Y be an upper semicontinuous 
set valued map with compact values. Assume that the set C d Y is closed 
and K <zY is compact. Then T : X ^Y defined by T(x) = (S(x) + C)DK 
for all x G X is upper semicontinuous. 

Lemma 2.2 is a version of Lemma 1.1 in [21] ( for D = Y, we obtain 
Lemma 1.1 in [21]). For the reader's convenience, we include its proof below. 
Lemma 2.2 Let X be a topological space, Y be a nonempty subset of a lo- 
cally convex topological vector space E and T : X =4 Y be a set valued map. 
Let fi be a basis of neighbourhoods of in E consisting of open absolutely 
convex symmetric sets. Let D be a compact subset of Y . If for each V Efi, 
the set valued map T v : X =4 Y is defined by T v (x) — (T(x) + V) l~l D for 
each x G X, then C\v^T v {x) C T(x) for every x G X. 

Proof Let x and y be such that y G C\ve&T v {x) and suppose, by way of 

contradiction, that y ^ T(x). This means that (x, y) ^cl Gr T, so that there 

exists an open neighborhood U of x and V Gfi such that: 
(U x (y + V))CiGr T = 0. (1) 

Choose W Gfi such that W-W CV (e.g. W = \V). Since y G T w (x), 

then (x,y) Gel Gr T w , so that 

(C/x {y + W))C\GiT w ^(b. 

There are some x' G U and w' G W such that (x 1 , y + w') GGr T w , i.e. 
y + w'£ T w (x 1 ). Then, y + w' G D and y + w' = y' + w for some y' G T(x') 
and w G W. Hence, y' = y + (w' —w ) G y + (W - W) C y + V, so that 
T(x') f]{y + V)^%. Since x' G U, this means that (J7 X (y + F))nGr T / 0, 
contradicting (1). D 

We introduce the following definitions. 

Let X be a topological space, Y be a nonempty subset of a topological 
vector space E and D be a subset of Y". 

Definition 2.1 The set valued map T : X =4 Y is said to be w-upper 
semicontinuous (weakly upper semicontinuous) with respect to the set D if 
there exists a basis fi of open symmetric neighborhoods of in E such that, 
for each V Gfi, the set valued map T v is upper semicontinuous. 
Definition 2.2 The set valued map T : X =4 Y is said to be almost w-upper 
semicontinuous (almost weakly upper semicontinuous) with respect to the 
set D if there exists a basis 6 of open symmetric neighborhoods of in E 
such that, for each V Gfi, the set valued map T v is upper semicontinuous. 

Example 2.1 Let 7\ : (0, 2) =4 (0, 2) be defined by T x {x) := j fj'^ ^ *| l '^' 

m im rn f ^ if iC GE (0, 1] ; 

Ji and Ji n -^ 1 ^ := < ri1 .„ >_, „\ arc not upper semicontinuous on 

1 ' \{l}ifxG (1,2) 

(0,2). 

Let D := {1} and let V := (— e, e), e > 0, be an open symmetric 

neighbourhood of in i\R. Then, it results that 
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(-£,! + £) if ie(0,l]; 



fore>0,T 1 (x) + (-e,e):= X{1 _ £ ^ + £) . i x e {lj2) . 

TY_{x) := (T^x) + (-e, e)) n {1} = {1} for any x G (0, 2). 

TY(x) = {l}forxe (0,2). 

For each V = (— e,e) with e > 0, the set valued maps T^ and T^ are 
upper semicontinuous and TY has nonempty values. We conclude that T\ 
is w-upper semicontinuous with respect to D and it is also almost w-upper 
semicontinuous with respect to D. 

We also define the dual w-upper semicontinuity with respect to a com- 
pact set. 

Definition 2.3 Let T u T 2 : X =} Y be set valued maps. The pair (T u T 2 ) is 
said to be dual almost w-upper semicontinuous (dual almost weakly upper 
semicontinuous) with respect to the set D if there exists a basis 6 of open 
symmetric neighborhoods of in E such that, for each V Gfi, the set valued 
map TX 2 s : X =4 D is lower semicontinuous, where TX 2 s : X ^ D is 



defined by TX 2) (x) := (Ti(a;) + V) n T 2 (a;) n D for each a; € 



X. 



Example 2.2 Let D := [1,2], Xi : (0,2) =4 [1,4] be the set valued map 
defined by 

([2-3,2], if are (0,1); 
Ti(a;) := { {4} if a: = 1; 

[[1,2] if a; €(1,2). 
and T 2 : (0, 2) =4 [2, 3] be the set valued map defined by 

,_ f [2,3], if a; € (0,1]; 
l2[X) -\{2} if a; €(1,2); ' 
The set valued map T\ is not upper semicontinuous on (0, 2). 

Fore G (0,2], (T x (x) + (-e,e)) nDnT 2 (.) = j { ^ 2} if * | ( °' 1} U j^ ; 

Fore G (2,oo), (Ti(x) |(-e,e))nflnT 2 (i) = {2} for each x G (0,2). 

Then, we have that for each e > 0, 2^ 2 -)( a; ) — {2} for each x G [0,2] 
and the set valued map TY 2 \ is upper semicontinuous and has nonempty 
values. 

We conclude that the pair (Ti,T 2 ) is dual almost w-upper semicontinu- 
ous with respect to D. 

3. A New Fixed Point Theorem 

We obtain the following fixed point theorem which generalizes Himmclbcrg's 

fixed point theorem in [9]: 

Theorem 3.1 Let I be an index set. For each i G /, let X$ be a nonempty 

convex subset of a Hausdorff locally convex topological vector space Ei, Di 

be a nonempty compact convex subset of Xi and Si,Ti : X := Y[ Xi =4 Xi 

iei 
be two set valued maps with the following conditions: 

1) for each x G X, Si(x) C Ti(x); 
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2) Si is almost w-upper semicontinuous with respect to Di and S t i is 
convex nonempty valued for each absolutely convex symmetric neighborhood 
V % of in Ei. 

Then there exists x* £ D := Y[ Di such that x* £ Ti(x*) for each i £ I. 

iei 

Proof Since Di is compact, D := Y[ Di is also compact in X. For each i £ I, 

iei 
let Bi be a basis of open absolutely convex symmetric neighborhoods of zero 

in Ei andlet fi=J|8i. For each system of neighborhoods V = (Vi)i e i £ Yl$i> 

iei iei 

let's define the set valued maps Sf* : X =4 A, by Sf^x) = (S l (x) + V l )nD i , 

x € X, i £ I. By assumption 2) each S^ ; is u.s.c with nonempty closed 

convex values. Let's define S v : X =4 D by S^x) = J| 5, ; (x) for each 

iei 
x E D. The set valued map S v is upper semicontinuous with closed convex 
values. Therefore, according to Himmclbcrg's fixed point theorem [9], there 

exists Xy = Y\(x v )i £ D such that x v £ S v (x v ). It follows that (x v )i £ 
iei 

SY^x'y) for each i £ I. 

For each V = {Vi) ie i £fi, let's define Q v = n je /{a; £ D : x, £ 5^*(a;)}. 
Qv is nonempty since Xy £ Qv, then Qy is nonempty and closed. 
We prove that the family {Qv ■ V £ fi} has the finite intersection 
property. 

Let {y (1) ,y (2) ,...,F (n) } be any finite set of fi and let V {k) = ]\V^ k \ 

%ei 

k = 1, ...,n. For each i £ /, let V t = n F/ fe) , then Vj £ fi 4 : thus V = J]^ e 

fe=1 »e/ 

n n 

flfij- Clearly Qy C n Q V (k) so that n Q v w ^ 0. 
ie/ fc=1 fc=1 

Since Z) is compact and the family {Qy : V £ fi} has the finite in- 
tersection property, we have that C\{Qv ■ V £ fi} ^ 0. Take any x* £ 

n{Qy : V £fi}, then for each V* £ fij, x* £ 5^*(x*). According to Lemma 
2.2, we have that x* £ Si(x*), for each i £ I, therefore x* £ T(x*). 
D 

If |7| — 1 we get the result below. 
Corollary 3.1 Let X be a nonempty subset of a Hausdorff locally convex 
topological vector space F, D be a nonempty compact convex subset of X 
and S,T : X =4 X be two set valued maps with the following conditions: 

1) for each x £ X, S(x) C T(x) and S(x) =/= 0, 

2) S is almost w-upper semicontinuous with respect to D and S v is 
convex valued for each open absolutely convex symmetric neighborhood V of 
in E. 

Then, there exists a point x* £ D such that x* £ T(x*). 

In the particular case that the set valued map S = T the following result 
stands. 
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Corollary 3.2 Let X be a nonempty subset of a Hausdorff locally convex 
topological vector space F, D be a nonempty compact convex subset of X 
and T : X =4 X be an almost w- upper semicontinuous set valued map 
with respect to D and T v is convex valued for each open absolutely convex 
symmetric neighborhood V of in E. Then, there exists a point x* £ D 
such that x* £ T(x*). 

4. Application in the Equilibrium Theory 

4.1 The Model of an Abstract Economy 

We will consider further Yuan's model of an abstract economy (see [23] ) . 

Let / be a nonempty set (the set of agents). For each % £ I, let Xi be a 

non-empty subset of a topological vector space representing the agent's i 

set of actions and define X := Y[ Xi ; let Ai , Bi : X =4 Xi be the constraint 

iei 
set valued maps and Pi the preference set valued map. 

Definition 4.1 [23] An abstract economy r = (Xi,Ai,Pi,Bi)i € j is defined 

as a family of ordered quadruples (Xi, Ai, Pi, Bi). 

Definition 4.2 [23] An equilibrium for r is defined as a point x* £ X such 
that for each i £ /, x* £ Bi(x*) and Ai(x*) n Pi(x*) = 0. 

Remark 4-1 When, for each i £ I , Ai(x) = Bi(x) for all x £ X, the abstract 
economy model coincides with the classical one introduced by Borglin and 
Kciding in [3]. If in addition, Bi(x*) =clx 4 Bi(x*) for each x £ X, which is 
the case where Bi has a closed graph inlxX;, the definition of equilibrium 
coincides with the one used by Yannelis and Prabhakar in [22]. 

Remark J^.2\i the preference set valued map Pi is defined by using a utility 
function Ui, that is Pi(x) — {y £ Xi : Ui(y) > Ui(xi)}, the irreflexibility 
condition Xi ^ Pi (x) , which appears among the hypothesis of the existence 
equilibrium theorems, may fail. A case in which this condition is verified, 
is when Pi is an order interval preference. Order interval preferences are 
studied, for instance, in Chateauneuf [5]. These preference relations -< (on 
X) are representable, if two real valued functions u and »onI exist and 
are such that: x -< y <S> u(x) < v(y). If a representation of the preference 
relation -<i exist, we can define the preference set valued map Pi by Pi(x) = 
{y £ Xi : Vi(y) > Ui(xi)} and the condition Xi ^ Pi (x) can be fulfilled. 

4.2 Examples of Abstract Economies with Two Constraint Set 
Valued Maps 

A first example of an abstract economy with two constraint set valued maps 
is the one associated to the model proposed by Radner [14] and his followers. 
This is a model of a pure exchange economy with two periods, present and 
future, and uncertainty on the state of nature in the future. There is a 
finite number n of agents and a finite number m of possible future states of 
nature. Let / = {1, 2, ...,n} be the set of agents and fi = {s\,s 2 , ■■■,s m \ the 
set of the future states of the nature. Each agent has his own private, and 
tipically incomplete, information about the future state of nature. For each 
agent i in I, the initial private information is a partition on fi , induced by 
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a signal i^i : Q — > Y{. In Radner [14], agents make decisions today without 
knowing the future state of nature tomorrow. The initial agent's information 
is kept fixed and their consumption plans need to be made compatible with 
their information, in the sense that their consumption must be the same 
in states that they do not distinguish. In a different framework, Radnor 
[15] consider the notion of rational expectation equilibrium. In this model, 
agents are able to forecast the future equilibrium price. Consequently, their 
initial information is updated with a signal given by the future equilibrium 
prices p and a more refined partition of fi is obtained as the joint of the 
initial information and the information generated by €~i(p) : fl — > A, defined 
by TTi(p)(s) — Pi(s), where A be the normalized set of prices. Here, we 
consider a model in which agents may be able to learn from market signals. 
These market signal are summarized by equilibrium prices that may not be 
fully revealing. Without loss of generality, let denote the joint of the initial 
information and the information generated by prices by 7r"j. 

For agent i in /, the consumption plan in the first period will be denoted 
by Xq G IR l + and in the second period, for each state Sj,j = 1, 2, ..., m, it will 
be denoted by x % - G IR l + . A bundle for agent i is x % — (x z , x\, x\, ..., x l m ). Let 
Xi = IR™ 1+1 . Each agent has a preference set valued map Q[ : Y[ -X"» =fc A, 

and an initial endowment e 4 = (e , e\, e\, ..., e l m ) G Aj. 
Definition 4.3 A pure exchange economy with assymmetric information is 
the family £ =(/, i7,7?i, Q\, e % ) ieI . 

Definition 4.4 An allocation for the economy £ is x = (x l )i e j. The alloca- 
tion is called phisically feasible if Y^, x% < Yl e% an d informationally feasible 

iei iei 

for each agent i if 7?j(p)(s) = 7?i(p)(s') implies x\ — x l s ,. 

Let po be the price in the first period, for the second period let Pj be 
the price in the state j, j — 1, 2, ..., m and let p = (poiPi, ■■-,Pm)- Let A be 
the normalized set of prices. Without loss of generality, we assume that p 
belongs to A. 

The budget set valued map of agent i is B, : A z3 IR l J n+1 , defined by 
Bi(p) = {x l e IR l l n+1 : px l < pe 1 }. 

The information set valued map of agent % is Ii : A =4 IR™ +1 , defined 
by h{p) = {x* G Ii?V m+1 : < = K' if 5?i(p)(«) = Up)(s')}- 
Definition 4.5 The pair (x*,p*) G IR+ m x A is an equilibrium for the 
asymmetrically informed economy £ if 

1) EM ! <Ee ! 
iei iei 

and for each i G /, 

2) (x*)*Gl^*)n:B^*); 

3) y l G Q'i(x*) n 7i(p*) implies that y l £ B t (j>*). 

Let A := \\ Xi x Zi, where for i G /, Xi = IR l " L+l is the consumption 
iei 
set of agent i. Let's define the following set valued maps: 
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-for each i £ I, Qi : X =4 Xi is the preference set valued map defined 
by Qi(x,p) = Q'i(x) for each (x,p) £ X; 

- Qn+i '■ X =4 A is the preference set valued map defined by Q n+ \(x,p) := 
{qeA:q(J2(x l -e 1 )) > p(£ (x i - e 4 ))} for each (x, p) £ X; 

iei iei 

-for i £ I, A t : X =4 2 X * is defined by A 4 (x,p) := {y 4 £ 7i?' | m+1 : py 4 < 
pe 1 } for each (x,p) £ X; 

-A„+i : X ^4 A is defined by A n+ i(x,p) := A for each (x,p) £ X; 

-for i £ 7, J, : X =4 X, is defined by Ji(x,p) := {y 4 £ 7i?^ l+1 : y\ = y\, 
if 7?i(p)(s) = 7?i(p)(s')} for each (x,p) £ X; 

- I„+i : X =4 4 is defined by I n+ i(x,p) := A for each (x,p) £ X; 

Definition 4.6 The abstract economy associated to the model of the pure 
exchange economy with assymmetric information is _T = (Xi, Ai, Pi, -Bi)ig{i.2,...,n+i}j 
where: 

-for i £ I, Xi := IR" l+1 is the consumption set of agent i and let 

l:=Il^x4 
iei 

-Pi : X =4 Xi (i £ 7) and P n +i : X ^ A arc the preference set 
valued maps defined by Pi(x,p) = Qi(x,p)Dli(x,p) for each (x,p) £ X and 
»G{l,2,...,n+l}; 

-Ai : X =4 -X'i (i £ /) and A„ + i : X =4 4 are the constraint set valued 
maps defined above; 

-Bi : X =4 Xi (i £ J) and -B„+i : X =^ Z\ are the constraint set valued 
maps defined by R>i(x,p) := Aj(a;,p) n Ii(x,p) for each (x,p) £ X and 
i £ {l,2,...,n+l}. 

Remark 4-3 We note that Ai(x,p) DPi(x,p) C Bi(x,p) for each (x,p) £ X 
and for each z £ {1, 2, ..., n + f }. 

Proposition 4.1 An equilibrium for the associated abstract economy r is 
an equilibrium of the economy with assymmetric information E. 

Proof Let (x*,p*) be an equilibrium for r. 

1) For each % £ {1, 2, ...,n}, we have that ( %*)* € Bj (x*,p*) = (Ai C\Ii)(x*,p*) 
and then, by definition of j4j and Jj, (x*) 4 £ (ij fl Bi)(p*); 

2)p* eB^(x*,p*)=A; 

3) for each i £ {1,2, ...,n}, we have that Ai(x*,p*) D Pi(x*,p*) = 0, 
which implies that if y % £ Pi(x*,p*) = Q t (x*,p*) n h(x*,p*), then y 4 ^ 
Ai(x*,p*); This means that y 4 £ <3;(a;*) fl !,(#*) implies that y 4 ^ B»(p*); 

4) we have that J 4„ + i(x*,p*)nP„ + i(a;*,p*) = 0, which is equivalent with 
{<? £ Z\ : g(£ ((x*Y - e 4 )) > p*(£ ((x*) 1 - e 4 ))} f~l Z\ = <j>. This fact implies 

iei iei 

that g(E(0*) J - e 4 )) < P*(E ((»*)* - ei )) < ° for a11 9 e A If we choose 

iei iei 

gas a vector of the canonical basis of IR ml+1 , that is qj = 1 and qi = 

for i ^ j, where i,j £ {1,2,..., ml + 1}, we obtain that ^2(x*) 1 < J^ e 4 . 

iei iei 

a 

The second example is the abstract economy associated to an exchange 
economy with two constraint set valued maps, the first one being the budget 
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set valued map and the second one being the consumption set that depends 
on prices. 

The third example follows the idea of an exchange economy which has, 
beyond the budget set valued map, a second constraint set valued map Gi, 
defined by the delivery conditions as stated in the paper by Correia-da-Silva 
and Herves-Beloso [6]. 

Let's assume that the set of the states of nature is fi = {1,2, ...,m}, 
the future prices are p\,pi, ■■■,Pm G IR + and that each agent i has a signal 
fi : fi — >• Yi such that fi(s) — fi(s') if s and s' are states that cannot be 
distinguished. The agent i chooses a portfolio y(s) in the following way: 

P s y{s) < p s y(s') for all s' such that fi(s') = /»(s). 

The set valued map Gi : X x A =4 IR lm is defined by Gi(x,p) = {y G 
IR lm : p s y(s) < Ps y(s') for all s' such that f t (s') = f t (s)}. 

4.3 The Existence of Equilibria in Locally Convex Spaces 

As an application of the fixed point Theorem 3.1, we have the following 
result. 

Theorem 4.1 Let r = {Xi, Ai,Bi, Pi} ieI be an abstract economy such that 
for each i E L, the following conditions are fulfilled: 

1) Xi is a nonempty convex subset of a Hausdorff locally convex topo- 
logical vector space Ei and Di is a nonempty compact convex subset of 

Xi; 

2) for each x G X := Y[ Xi, Ai (x) and Pi{x) are convex, Bi (x) is 

iei 
nonempty, convex and Ai (x) n Pi(x) C Bi{x); 

3) Wi := {x G X : Ai (x) n P t (x) ^ 0} is open in X. 

4) Hi : X =$ Xi defined by Hi (x) := Ai(x) n Pi (x) for each x G X is 

almost w-upper semicontinuous with respect to Di on Wi and H i * is convex 
nonempty valued for each open absolutely convex symmetric neighborhood 
Vi of in Ei; 

5) Bi : X =4 Xi is almost w-upper semicontinuous with respect to Di and 
B i i is convex nonempty valued for each open absolutely convex symmetric 
neighborhood Vi of § in Ei; 

6) for each x G X , x% <£ (Ai n Pi) (x); 

Then there exists x* G D = Yi Di such that x* G Bi (x*) and (Ai n 

iei 
Pi)(x*) = for each i G /. 

Proof Let i £ I. By condition (3) we know that W, is open in X. 

Let's define T % : X =4 X t by T t (x) := ( 1* [ X \ ° Pl (x) ' lf / % ^' for 

{ Bi(x) , if x f Wi 

each x G X. 

Then T, : X =4 Xi is a set valued map with nonempty convex values. We 

shall prove that Tj : X =t Di is almost w-upper semicontinuous with respect 

to Di. Let 6^ be a basis of open absolutely convex symmetric neighborhoods 

of \nE t and let 13= n^- 
iei 



T?{xY ~ <\ R v„ 
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For each V = (V^)j e j G II ^»> f° r eacrl # G A, let for each i <E I 

iei 
B v ^x):=(B i (x) + V i )nD i , 
F y *(x) := ((A t (x) n P (x)) + Vi) n A and 

F v *(x), if are Wi, 

P v *(x), if as ^ Wi. 
For each open set V/ in Dj, the set 

{xeX:Tf(x)cV;} = 

= {xef,: F*%) c V?} u{iei\W,: F(i) c v;' } 

= {i£f,: F%) cF,'}u{i£l: B^(x) C F/} . 

According to condition (4) , the set i x G Wj : F Vi (x) CV{> is open in 

X. The set j x G A" : P Vi (x) c Vj' > is open in X because B^ is upper semi- 
continuous. 

Therefore, the set < x G X : T i i (x) C V( > is open in X. It shows that 

T i i : X =4 Di is upper semicontinuous. According to Theorem 3.1, there 

exists x* G D = Yl D t such that x* G T 4 (a;*) , for each i G I. By condi- 

»ei _ 

tion (5) we have that x* G Si (a;*) and (Ai n Pj)(x*) = for each i £ I. 

a 

Example 4-1 Let P = {Xi, Ai, Bi, Pi} i€l be an abstract economy, where 
I = {1,2, ..., n}, Xi := [0, 4] be a compact convex choice set, Di := [0, 2] for 

each z G / and X := Yl Xi. 
iei 
Let the set valued maps Ai, Bi, Pi : X =4 Xi be defined as follows: 

for each (x\,x^, ■■■,x n ) G A, 

[l-x*,2] ifxG (0,i)«; 

[l-x,,2)ifxG[i,l) n ; 

[3,4] if x = 0; 

[0, |], otherwise; 

f,2 + »j] ifxG [0,1)"; 
1,2], otherwise; 

[0,2] ifxG [0,1); 
[3,4] if x = 0; 
[0,2), otherwise. 
The set valued maps Ai, Bi, Pi are not upper semicontinuous on X. 

( [§,2]ifxG(0,±)"; 
Ai(x) n Pi(x) ~ I [|,2)ifxG[i,l) n ; 

[ (f>, otherwise. 

Wi := {x G A : A t (x) n P (x) ^ 0} = (0, 1)" is open in A. 

7TnR)(x)-=i [f^H^elo,!]"; 

v * iM ' ' \ d>, otherwise. 



Ai(x) := 




We notice that for each x G A , Xi <£ (Ai n P») (x) . 
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We shall prove that Bi and (Ai n Pi)wi are almost w- upper semicontin- 
uous with respect to Di = [0, 2]. 
On W u 

LA.n/^W- \[|,2) ifxe [i,i)™; ' 

(A, n Pi) (x) + (-£, e) = (| - e, 2 + e) if x € (0, 1)"; 

Let (A t nPi) v (x) = ((AinPi)(x) + (-e,e))n [0,2], where V = (-£,£). 

Then, 

if e e (0, |], 

(A, n P) y (*) = (| - e, 2] if x e (0, 1)"; 
if £ > §, 

(A 1 nP I ) y ( I ) = [0,2] ifxe(0,l) n ; 



Hence, for each V — (—£,£), (Aj n Pi) y w is upper semicontinuous and 
has nonempty values. 

f (-£, 2 + e) if , .xe (0,1)™; 
B t (x) + (-e,e)= I (3-£, 4 + e) if a; = 0; 

[ (— £, 2 + e) otherwise. 

Let P, v (a;) = (Bi (x) + (-£, e)) n [0, 2], where V = (-£, e). 
Then, 

if £ e (o,i], 

5 .v^ = /^ if * = 0; 

1 w \ [0, 2] otherwise; 

f [0,2]ifxe[0,l)"; 
if £ e (1,3], Bj y (x) = I (3 -£,2] ifx = 0; 

[ [0, 2], otherwise, 

and if e > 3, Bi v (x) = [0, 2] if x £ X. 

Then, for each V = (— £, s), BY is upper semicontinuous and has nonempty 
values. 

Therefore, all hypotheses of Theorem 4.1 are satisfied, so that there exist 

3 3 31 

2 ' 2 ' ■"' 2 J 

and (Ai nP)(x*) = 0. 



equilibrium points. For example, a;* = {|,|,...,|}sX verifies x* e Bi (x 



Theorem 4.2 deals with abstract economies which have dual w-upper 
semicontinuous pairs of set valued maps. 

Theorem 4.2 Let r — {Xi, Ai, Bi, Pi} ieI be an abstract economy such that 
for each i <E I, the following conditions are fulfilled: 

1) Xi is a nonempty convex subset of a Hausdorff locally convex topo- 
logical vector space Ei and Di is a nonempty compact convex subset of Xi; 

2) for each x E X := f\ X t , Pi(x) C A, A t (x) n p (x) C B t (x) and 

iei 
Bi (x) is nonempty; 

3) the set W t := {x 6 X : A % (x) n Pi (x) ^ 0} is open in X; 

4) the pair (A^ ciWi , Pji c iy^) is dual almost w-upper semicontinuous with 
respect to Di, Bi : X =4 Xi is almost w-upper semicontinuous with respect 
to Di; 
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5) if T i>Vi :X^Xiis defined by T itVi (x) := (A i (x) + V i )nD l r\P i (x) for 



each x £ X, then the set valued maps B i * and T^v t are nonempty convex 
valued for each open absolutely convex symmetric neighborhood Vi of in 
Ei; 

6) for each x £ X , Xi ^ Pi (x); 

Then, there exists x* £ D := Y[ Di such that x* £ Bi (x*) and Ai (x*)n 

iei 
P t (x*) = for all i £ I. 

Proof For each i £ I, let fij denote the family of all open absolutely convex 

symmetric neighborhoods of zero in Ei and let 6= Yi^i- For each V = 

iei 
11 Vi £ H&i, for each % £ I, let 
iei iei 

B v *(x) := (B t (x) + Vi) n Di for each x £ X and 

c-y, / x _ / T i,Vi(x), if x £ W { , 

^_ (X) - \ B?(x), iix^Wi, _ 

S t i has closed values. Next, we shall prove that S\ i : X ^ Di is upper 
semicontinuous. 

For each open set V in Di, the set 
{x£X:~sf*(x)cV>} = 

= {x £ W % : T~y~(x) £V'}u{x£X\Wi: bJ>{x) C V'} 

= {x £ Wi : T~y~ t {x) cV'}lj{x£X : BY(x) C V'} . 

We know that the set valued map Tiy i {x)\ Wi : Wi =4 Di is upper semi- 
continuous. The set {x £ Wi : T^y^x) C V'} is open in X. Since B t { (x) : 
X =4 Di is upper semicontinuous, the set {x £ X : B^ *(#)} C V is open in 
X and therefore, the set < x £ X : S\ l (x) c V > is open in X . It proves that 

S i i : X ^ Di is upper semicontinuous. According to Himmclberg's Theo- 
rem, applied for the set valued maps S i i , there exists a point x* v £ D = 

\\ Di such that (x v )i £ SY* (xy) for each i £ I. By condition (5), we have 
iei ' 

that {x v )i i P~ (x v ) , hence, (x* v ) l £ Af (x v ) n T % (x v ). 

We also have that cl Gr [T i>Vi ) C cl Gr (AY^nd Gr P t . Then T^y(x) C 

AY* (x) (~1 Pi (x) for each x £ X. It follows that (x v )i £ T itVi (x v ). Therefore, 

(x* v )i £Wi (x* v ) . 

For each V = (Vi)i e i £ fl&i, let's dchne Qy = C\iei{x £ D : x £ 
iei 

B v > (x) and A % (x) n P t (x) = 0}. 

Qy is nonempty since x v £ Qy, and it is a closed subset of D according 

to (3). Then, Qy is nonempty and compact. 

Let 6=nfij- We prove that the family {Qy : V £ fi} has the Unite 
iei 
intersection property. 
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Let {VW,V( 2 \...,V^} be any finite set of fi and let V^ = ]\V^ k \ eI , 

iei 

k = 1, ..., n. For each i E I, let V % = C\ V- k) , then Y E fi 4 ; thus V G n fi »- 

n n 

Clearly Qv C fl Q v m so that n Qy(*o ^ 0. 
fe=i fc= l 

Since D is compact and the family {Qv '■ Y E 6} has the finite inter- 
section property, we have that C\{Qv ■ V E 6} ^ 0. Take any x* G n{Qy : 
V" Gfi}, then for each V E fi, 

x* E (l teI jx* G D : x* G B 1 ^ (x) and A 4 (x) n P % (x) = 0)| . 

Hence, x* G B Vi (x*) for each V Gfi and for each i E I. According to 
Lemma 2.2, we have that x* G B t (x*) and (AiDPi)(x*) = for each i G I. 

D 

We now introduce the following concept, which also generalizes the con- 
cept of lower scmicontinuous set valued maps. 

Definition 4.7 Let X be a non-empty convex subset of a topological linear 
space E, Y be a non-empty set in a topological space and K C X x Y 

The set valued map T : X x Y =4 X has the e-USCS-property (e- 
upper semicontinuous selection property) on K, if for each absolutely convex 
neighborhood V of zero in E, there exists an upper semicontinuous set 
valued map with convex values S v : X x Y =4 X such that S v (x,y) C 
T(x,y) + V and x ^cl S v (x,y) for every (x,y) G K. 

The following theorem is an equilibrium existence result for economies 
with constraint set valued maps having e-USCS-property. 
Theorem 4.3 Let r = (Xi, Ai, Pi, Bi)i^j be an abstract economy, where 
I is a (possibly uncountable) set of agents such that for each i E I : 

(1) X{ is a non-empty compact convex set in a locally convex space E$; 

(2) cl E>i is upper semicontinuous with non-empty convex values; 

(3) the set W t : = {x G X / (A, n Pi) (x) ^ 0} is open; 
(3) cl (Ai r\Pi) has the e-USCS-property on Wi. 

Then there exists an equilibrium point x* G X for r , i.e., for each 
i E I, x* E B 4 (x*) and A,(x*) f] P l {x*) = 0. 

Proof For each i E I, let fij denote the family of all open convex neighbor- 
hoods of zero in Ei. Let V = (Vi), g j G Yi$i- Since cl (Ai n Pi) has the 

iei 
c-USCS-property on Wi, it follows that there exists an upper semicontinu- 
ous set valued map F^ 1 : X =4 X % such that F^(x) Gel (A % n Pj)(x) + Y 
and Xi ^cl F^(x) for each x G Wj. 

Define the set valued map 7^ : X =4 -Xi, by 

T v lM . = fcl{^(x)}, if sew;, 

* w " \ cl(B l (x) + Y 4 )nX J , ifx^Wi; 

B y * : X =4 Xi, BY* (x) :=cl (B,(x) + Y) nl, = (cl B l (x)+cl Y) D X, is 
upper semicontinuous by Lemma 2.1. 

Let [/ be an open subset of Xi, then 

[/ :={i£l \TY*(x) CC/} 
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={x e W t | T^(x) cU}u{xeX\W l | T^(x) c U} 

=lx e Wi | cl F^(x) cu\u{xex\ (cl Bi(x) + V~) n^cC/} 

U is an open set, because Wi is open, aeH^ | cl F i i {x) C U > is 

open since clP^ * (a;) is an upper semicontinuous map on Wi . We have also 
that the set {iel (cl Bi(x) + cl Vi) nljC U} is open since (cl Pj+cl 
Vi) P\ Xi is u.s.c. Then T i l is upper semicontinuous on X and has closed 
convex values. 

Define T v : X =4 X by T v (a;) := n^O) for each a; e X. 

■iei 

T v is an upper semicontinuous set valued map and has also non-empty 
convex closed values. 

Since X is a compact convex set, by Fan's fixed-point theorem [8], there 
exists Xy e X such that x v G T v (x v ), i.e., for each i G /, (x v )i G T^ixy). 
If x'y G Wi, (iy)i Gel Fy*(xy), which is a contradiction. 

Hence, (x v )i Gel (B t (4) + y t )nl, and (A t r\P t )(x v ) = 0, i.e. x* v G Qy 
where 

Qy = C\ ieI {x e X : x t Gel (Bj(a;) + Vi) n X; and (A; n P»)(x) = 0}. 

Since Wi is open, Qy is the intersection of non-empty closed sets, there- 
fore it is non-empty, closed in X. 

We prove that the family {Qy : V G Y\&i} has the finite intersection 

iei 
property. 

Let {V^\ V (2 \ ..., VW} be any finite set of J] Bi and let V^ = (V/ fe) ) ieJ , 
ft = 1, ...n. For each z G J, let Vj = n V^ k \ then V; G fi 4 ; thus V = (Vj) ie / G 

/c— 1 
n n 

FJBi. Clearly Qy C fl Qy(t) so that n Qy(*o 7^ 0. 
»e/ " fc=1 " fe=1 

Since X is compact and the family {Qy : V G Jl^} nas the finite 
intersection property, we have that C\{Qy : V G Jl^} 7^ $■ Take any x* G 

n{Qy : V G n^}' tncn f° r cacn i e ^ an( l cacn Vi e fi»i x * €cl(Bj(a;*) + 

iei _ 

Vi) n X % and (A; n Pi) (a;*) = 0; but then x* G B { (x*) from Lemma 2.2 and 
(Ai n Pj)(a;*) = for each iei so that x* is an equilibrium point of P in 
X. □ 

5. Concluding Remarks 

We proved a fixed point theorem for the w-upper semicontinuous set 
valued maps. We also obtained results concerning the existence of equilibria 
for Yuan's model of an abstract economy without continuity assumptions. 

The first author thanks the support by Research Grants ECO2012- 
38860-C02-02 (Ministerio de Economia y Competitividad) , RGEA and 10PXIB300141PR 
(Xunta dc Galicia and FEDER). 
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